A FINITE GENERATING SET FOR THE LEVEL 2 
MAPPING CLASS GROUP OF A NONORIENTABLE 

SURFACE 

BLAZEJ SZEPIETOWSKI 

Abstract. We obtain a finite set of generators for the level 2 map- 
ping class group of a closed nonorientable surface of genus g > 3. 
This set consists of isotopy classes of Lickorish's Y-homeomorphisms 
also called crosscap slides. 



1. Introduction 

For a compact surface F the mapping class group Ai (F) is the group 
of isotopy classes of all, orientation preserving if F is orientable, home- 
omorphisms h: F — > F. The level two mapping class group is the 
subgroup T 2 (F) of Ai(F) consisting of the isotopy classes of homeo- 
morphisms inducing the identity on Hi(F, Z 2 ). Note that it is a normal 
subgroup of Ai(F) of finite index. For a closed orientable surface F 
of genus g > 1 Humphries proved in |6j that r 2 (F) is equal to the 
normal closure in A4 (F) of the square of a Dehn twist about a nonsep- 
arating simple closed curve. Sato computed in [T2] the abelianization 
of r 2 (-F) for orientable F with at most one boundary component and 
genus g > 3. 

In this paper we are interested in the case of a closed nonorientable 
surface, which will be denoted as N or N g , where g is the genus. The 
genus of a nonorientable surface is the number of projective planes in 
the connected sum decomposition. Lickorish defined in p] a homeo- 
morphism of N that he called Y-homeomorphism and proved in [9j [10] 
that Ai(N g ) is generated by Dehn twists and one isotopy class of Y- 
homeomorphisms for g > 2. Y-homeomorphisms were called crosscap 
slides in [7] and also in this paper we use this name. Chillingworth 
found in [2] a finite set of generators for Ai(N g ). The actions of Ai(N g ) 
on Hx(N g , Z) and H x (N g , Z 2 ) we studied by McCarthy and Pinkall [TT] 
and by Gadgil and Pancholi [3J. They proved that all automorphisms 
of Hi(N g ,Z) preserving the Z 2 -valued intersection form are induced 
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Figure 1. Crosscap slide. 

by homeomorphisms. Recently S. Horose [3] proved that a homeo- 
morphsim of a closed non-orientable surface N standardly embedded 
in the 4-sphere is extendable to a homeomorphism of the 4-sphere if 
and only if it preserves the Guillou-Marin quadratic form on H\(N, Z2). 
In [T5] we proved that for g > 2 the group T 2 (N g ) is equal to the nor- 
mal closure in Ai{N g ) of one crosscap slide. In this paper we obtain a 
finite collection of crosscap slides generating T 2 (N g ) for g > 3. We also 
prove that ^(.A^) is isomorphic to the level 2 congruence subgroup of 
C7L(2,Z) and compute the abelianization of I^iV^). 

Acknowledgment. I am grateful to Professor Susumu Hirose for 
sending me his preprint |3]. 

2. Preliminaries 

By a simple closed curve in N we mean an embedding 7: S 1 — > N. 
Note that 7 has an orientation; the curve with the opposite orientation 
but same image will be denoted by 7 _1 . By abuse of notation, we will 
usually identify a simple closed curve with its oriented image and also 
with its isotopy class. According to whether a regular neighborhood 
of 7 is an annulus or a Mobius strip, we call 7 respectively two- or 
one-sided. 

Given a two-sided simple closed curve 7, T 7 denotes a Dehn twist 
about 7. On a nonorientable surface it is impossible to distinguish 
between right and left twists, so the direction of a twist T 7 has to 
be specified for each curve 7. In this paper it is usually indicated by 
arrows in a figure. Equivalently we may choose an orientation of a 
regular neighborhood of 7. Then T 7 denotes the right Dehn twist with 
respect to the chosen orientation. Unless we specify which of the two 
twists we mean, T 7 denotes any of the two possible twists. By abuse 
of notation we will use the same symbol to denote a homeomorphism 
and its isotopy class. 

Suppose that a and (3 are two simple closed curves in N, such that 
a is one-sided, (3 is two-sided and they intersect in one point. Let 
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K C iV be a regular neighborhood of a U /3, which is homeomorphic to 
the Klein bottle with a hole, and let M C K be a regular neighborhood 
of a, which is a Mobius strip. We denote by Y a ^ the crosscap slide, 
or Y-homeomorphism equal to the identity on N\K and which may be 
described as the result of pushing M once along (3 keeping the boundary 
of K fixed. Figure [I] illustrates the effect of Y a> p on an arc connecting 
two points in the boundary of K. Here, and also in other figures of 
this paper, the shaded discs represent crosscaps; this means that their 
interiors should be removed, and then antipodal points in each resulting 
boundary component should be identified. Up to isotopy, Y a> p does not 
depend on the choice of the regular neighbourhood K. The following 
properties of crosscap slides are easy to verify. 



(2.1) 


Y a -l,p — Y at p, 


(2.2) 


Y a ,p-i = Y aj3 , 


(2.3) 


hY a> ph 1 = Y h ( a -) )h (p) 



for all heM(N). 

Every crosscap slide induces an identity on Hi(N, Z2), hence it be- 
longs to r 2 (iV). 

Theorem 2.1 Q15J). For g > 2 the level 2 mapping class group T 2 {Ng) 
is generated by crosscap slides. 

Fix xq G N g and define M.(N gi x ) to be the group of isotopy classes 
all homeomorphisms of h: N g — > N g such that h(xo) = Xq. Let U = 
{z G C I \z\ < 1} and fix an embedding e: U — >■ N g such that e(0) = x . 
The surface N g+ i may be obtained by removing from N g the interior of 
e(U) and then identifying e(z) with e(— z) for z G S 1 = dU. We define 
a blowup homomorphism 

ip: M(N g ,x ) -> M(N g+1 ) 

as follows. Represent h G ^(A^^o) by a homeomorphism h: N g — >■ 
N g such that h is equal to the identity on e{U) or h(x) = e(e~ 1 (x)) 
for x G e(U). Such h commutes with the identification leading to N g+1 
and thus induces an element ip(h) G Ai(N g+ i). We refer the reader to 
[15] for a proof that (p is well defined. 
Forgetting the distinguished point xq induces a homomorphism 

M(N gj x ) M(N g ), 

which fits into the Birman exact sequence (see [7]) 

tti^xo) ^ M{N g ,x ) M(N g ) -> 1. 
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The homomorphism j is called point pushing map. If 7 is a loop in N g 
based at x and [7] £ iri(N g ,x ) is its homotopy class, then j([y}) may 
be described as the effect of pushing x once along 7. In order for j to 
be a homomorphism, a product [7] • [5] in ni(N g ,xo) means go along 8 
first and then along 7. 

We define a crosscap pushing map to be the composition 

vjj = (poj: in(N g ,x ) ->■ A^iVp+i). 

Let a be the image in iV 9+ i of e(dU). Then a is a one-sided simple 
closed curve. Every simple loop 7 based at xq is homotopic to a loop 
7' which intersects e(Z7) in two antipodal points. If (5 is the image in 
N g+ i of -y'\int(e(U)) than /3 is a simple closed curve, which intersects 
a in one-point, and which is two-sided if and only if 7 is one-sided. 
The following lemma follows from the description of the point pushing 
map for nonorientable surfaces [3, Lemma 2.2 and Lemma 2.3] and the 
definition of a crosscap slide. 

Lemma 2.2. Suppose that 7 is a simple loop in N g based at xq inter- 
secting e(dU) in two antipodal points. Let a and (3 be the images in 
N g+ i of e(cU) and j\int(e(U)) respectively. If 7 is one-sided, then 

If j is two-sided, then 

where 8\ and 82 are boundary curves of a regular neighbourhood M of 
aU(3, the twists are right with respect to some orientation of M\a and 
e is 1 or —1 depending on the orientation of (3. 

Lemma 12.21 suggests the following generalization of the definition of 
a crosscap slide. Let a and (3 be one-sided curves intersecting in one 
point. Then we define Y a> p as 

Y a ,p = (T 5l T 52 1 ) e , 

where 8\ and 82 are as in Lemma I2T21 (see Figure[2]). For such generalized 
definition the properties fl2.ll) . (12.21) and (12. 3p remain valid. 

3. Generators of the level 2 mapping class group 

Let us represent N g as a 2-sphere with g crosscaps. This means 
that interiors of g small pairwise disjoint discs should be removed from 
the sphere, and then antipodal points in each of the resulting boundary 
components should be identified. Let us arrange the crosscaps as shown 
on Figure [3] and number them from 1 to g. For each nonempty subset 
J C {1, . . . , g} let aj be the simple closed curve shown on Figure[3l For 
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Figure 3. The curve ai for / = {ix, i 2 , . . . , ik}- 

I = {«!,..., ij,} let |/| = k. Note that «/ is two-sided if and only if \I\ 
is even. In such case T ai will be Dehn twist about oli in the direction 
indicated by arrows on Figure [3j We will write instead of for 

ie{l,...,g}. 

It is well know that M{N X ) is trivial and M(N 2 ) w Z 2 x Z 2 (0). 
It follows easily from the structure of A^(A^2) that ^(A^) has order 
two and it is generated by a crosscap slide. The following theorem can 
be deduced from Chillingworth's result by reducing the generating set 
given in [2] by using the method of Humphries [5] (cf. [T3], Theorem 
3])- 

Theorem 3.1. For g > 4 the mapping class group Ai(N g ) is generated 
by the following elements. 



Y -- 
A, 
B -- 



Y 



- T 

T 



1} /or z 



o-l, 



{1,2,3,4} ' 



T/ie group Ai(Ns) is generated by Y , A\, A 2 . 

The following theorem is the main result of this paper. 

Theorem 3.2. For g > 4 the level 2 mapping class group r 2 (iV 9 ) 
generated by the following elements. 

(1) Y ai,a {itj} for i e {1, . . . , g - 1}, j e {1, . . . , g} and % ± j, 

(2) Y a{ijk)<a{ijkl} fori<j<k<l. 



■is 
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The group r 2 (iV3) is generated by the elements (1). 

Remark 3.3. There are (g — l) 2 generators of type (1) and m gen- 
erators of type (2). Thus we have 4 generators for T 2 (N 3 ) and 10 
generators for ^(-/V^). We will show in Section H] that these are min- 
imal numbers of generators for these groups. We do not expect that 
Theorem 13.21 provides minimal number of generators for ^(iVg) for 
9 >4. 

Let G be the subgroup of M.(N g ) generated by the elements (1), (2) 
from Theorem 13.21 Our goal is to prove that G = T 2 (N g ). First we 
need to prove some lemmas. 

Lemma 3.4. Suppose that a and (3 are two simple closed curves such 
that a is one-sided, (3 is two-sided and they intersect in one point. Then 

T l = Y 1 H a )> Y a,/3 

Proof. Since Y a> p preserves the curve [3 and reverses orientation of its 
neighbourhood, we have 

On the other hand, by (12.31) we have 

Tp Y a ^T~ 1 Y~p = Y Tf} (a),pY~ p , 

Tj = Y Tp ( a ),pY~j. 

□ 

Lemma 3.5. Suppose that a and (3 are one-sided simple closed curves 
intersecting in one point. Let 5 be a boundary curve of a regular neigh- 
bourhood of aU (3. Then 

1 & ~ I a,p I p,ai 

where e$ is 1 or —1 for i = 1,2. 

Proof. Let 8 — 5i and 82 be the boundary curves of a regular neigh- 
bourhood M of a U (3 and suppose that T& 1 and T$ 2 are right twists 
with respect to some orientation of M\a. Thus Y a> p = (T^Tr ) ei . 
Observe that with respect to any orientation of M\(3 one of the twists 
T§. is right, while the other one is left. Hence Yg )Q = (T^T^)^ and the 
lemma follows. □ 

Lemma 3.6. For i e {1, . . . ,g} and for every simple closed curve (3 
intersecting a>i in one point we have Y ai) p e G. Moreover, Y a ^p can be 
written as a product of generators of type (1). 
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Proof. Let G' be the subgroup of G generated by the elements (1). First 
we assume i < g. Let N' be the surface of genus g — 1 obtained from 
N g by replacing the i-th crosscap by a disc U with basepoint x . As N g 
may be seen as being obtained from N' by the blowup construction, 
we have the corresponding crosscap pushing map 

1>:n 1 (N',x Q )^M(N g ). 

Note that Y au p is in the image of ip (see Lemma 12. 2j) . The group 
tti(N',x ) is generated by homotopy classes of simple loops [jj] such 
that V>([7j-]) = Joi.auj} for i e {1, • ■ • , * — 1, « + 1, - - • , ^} (in fact [7,-] 
can be taken to be standard generators of the fundamental group). It 
follows that V(7ri(iV,Xo)) C G' and Y auP E G' . 

Now suppose i = g. It suffices to show that Kx g) a. {j . 9} E G' j E 
{1, . . . , g— 1}, the rest of the proof follows as above. Note that T Q{ ,. g} (a,-) 
a" 1 . By Lemma [3.41 we have 

Y =T 2 Y 

and hence it suffices to show that T% EG'. Without loss of general- 
ity we assume j = g — 1. Let M be the surface obtained by cutting N g 
along a{ 9 _i ig }. Thus M is a nonorientable surface of genus g — 2 with 
two boundary components. For n£{l,...,j - 1} there exist pairwise 
disjoint two-sided simple closed curves S n in M such that dM = #iU5 g _i 
and <5fc U 5k+i = dM^, where is a genus one subsurface containing 
afc for fc G {1, . . . , g — 2}. Choose an orientation of M\{ol\ U • ■ ■ U a g -2 
and let T$ n be the right Dehn twist with respect to that orientation 
for n E {1, . . . , g — 1}. For k E {1, . . . , g — 2} there exists a one- 
sided simple curve (3k in intersecting in one point and such that 
Y akA = T 5k Ts k l +1 - We have 

and after recovering iV s by gluing together the boundary curves of M 
we obtain 

y ~y ~y /tt±2 

This completes the proof because 5"^,^ G C for G {1, . . . , g — 2} by 
earlier part of the proof. □ 

Lemma 3.7. For every I C {1, ...,(?} stzc/j t/iat |/| = 2 or \I\ = 4 we 
have Tl EG. 

Proof. Suppose that I = {i,j} where i < j. Observe that T a{ . j} (aii) = 
aj\ By Lemma S3 we have T% {tj} = Y a ^ a{ ^ } Y~^ } E G. 
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Suppose that / = {i,j, k, 1} where i < j < k < I and let J = 
{i,j,k}. Observe that T ai (aj) = aj~ . By Lemma [3.41 we have T% = 
Yaua^a^ar Since Ya uai £ G by Lemma ESI and Y aji0lI E G by the 
definition of G, also EG. □ 

Lemma 3.8. For every I = {i,j,k}, where l<i<j<k<g, and 
for every two-sided simple closed curve (3 intersecting aj in one point 
we have Y ai ^ E G. 

Proof. Note that /3 actually exists only for g > 4. Indeed, if g = 3 then 
the surface obtained from N g by cutting along aj is orientable, and 
every curve intersecting ati in one point must be one-sided. Therefore 
we are assuming g > 4. 

Let H be the subgroup of Ai(N) generated by Y aim , Y auOCk and 
Yoli,olj f° r every J such that | J\ = 4 and I G J. We claim that H C G. 
Consider a regular neighborhood of a/Uaj. One of its boundary curves 
is «{j,fc} and by Lemma 13.51 we have 

T^2 _ -yEi -yE2 

a {j,k} OLl,0.i OH,OLl1 

where E\ is 1 or —1 for I — 1,2. Since Y a . ;CXI E G by Lemma and 
Tj { . fc} E G by Lemma 13.71 also Y aitCli E G. By a similar argument 
Y ai ,a k £ G. Let J = I U {1} for / ^ {2, j, k} and note that T^(ai) = 
a^ 1 . By Lemma [3.41 we have 

ctj 1 ai,aj 1 ai ,aji 

and since y ttliftJ E G by Lemma [3.61 and Tj 7 6 G by Lemma [3.71 also 
Y ai ,aj £ C and the claim is proved. 

Now it suffices to show that Y ai ^ E H . This can be done as follows. 
Choose n E {1, . . . ,g}\{i, j, k} and observe that for J = I U {n} we 
have T^ J (aj) = a" 1 , where e = ±1. Let 

Y - TajYm^T'j = y« n ,T^ j (/3), H = T^jHT'j. 

We need to show that Y E H'. Let N' be the surface of genus g — 1 
obtained from N g by replacing the n-th crosscap by a disc U with 
basepoint Xq. We have the crosscap pushing map 

^■.7i 1 (N',x )^M(N 9 ). 

Since Y E ip(iri(N', x )) it suffices to show that if}(ni(N',xo)) C ii 7 
and for that it is enough to check that iri(N', x ) is generated by loops 
mapped by ip on generators of H'. Let us assume n = 1. The proof is 
similar for other n. In this case we have H' = D~ X HD for D = T Qri . . ,, . 
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For s E {2, . . . , g} let x s be the standard generators of tti(N', xo) such 
that ip(x s ) = Y ai>OC{1 . The group H' is generated by 

D- l Y aim D = Y i = iPdx^y 1 ), 

D~ l Y auak D = Y i ^((a*^)" 1 ), 

D Y ai ^ x .. k} D = Y aij0!{li . klj = ip^XiXjXk), 
D~ l Y aua{l .. k} D = ^((xiXjXk^xiXiXjXk) for 1 < I < i, 

D ~ lY ai,a{i,lJM D = ^{XiXiX' 1 ) for % < I < j, 

D^Y^^^D = ^(x^xiXk) for j < I < k, 
D^Ya^^.^D = ^(xiXjXkX^XiXjXkY 1 ) for k < I < g. 

It is easy to check that each x s can be expressed as a product of ele- 
ments which are mapped by ip on the generators of H'. It follows that 
ip('K\{N' ', Xo)) Q H' and the lemma is proved. □ 

Lemma 3.9. Let I = {ii, . . . , z 5 } and J = {h, ■ ■ ■ ,is, ie}, where 1 < 
i\ < • • • < i 5 < Iq < g. Then Y ai OLJ E G. 

Proof. Note that T aj {a[ ilt i 2 ^) = aTr ig ig y. By Lemma [3^1 we have 
T 2 = Y Y~ 1 

On the other hand, since T aj (ai) = , we also have 

T 2 = y ~Y~^ 

Hence 

v — v v~ l v t= C 

l ai ,aj ^{i 1 , !2 ,, 3 },aj- , a {i4|i5|!f . ) ,aj I ai 6 ,aj t 

by Lemmas 13.61 and 13.81 □ 

Proof of Theorem \3.£\ Since by [T5J Lemma 3.6] r 2 (iV 9 ) is generated 
by crosscap slides conjugate to Y aita{1 2} it suffices to prove that G 
is normal in A4(N g ). By Theorem 13.11 it is enough to check for every 
generator x of G that A^xA^ 1 E G or A~ x xAi E G for % E {1, . . . , g} and 
BxB- 1 E G or B- l xB E G. Note that AixAr 1 e G A~ x xAi E G 

since Af G G by Lemma [3. 7\ and analogously for B. 

For i E {l,...,g} we have A~\(ai) = oij\, Ai(ai) = aj +l and 
Ak{ot-i) = Q.i for k 7^ i — It follows that for all t / j and k the 
generator Y aua{ij} is conjugated by Ak or A k l to Y au p for some I and 
some p. Since the last element is in G by Lemma [3 .6[ we have proved 
that AixA^ 1 E G for every i E {1, . . . , g} and every generator x of type 

(I)- 
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If tyr > 4 then B(a.j) = oti for i > 4, while for i G {1, 2, 3, 4} we have 
5 ±1 (aj) = aj , where / = {1,2,3, 4}\{i}. It follows by Lemma [3761 or 
by Lemma [3.81 that BxB^ 1 G G for every generator x of type (1). 

Suppose that / = {i, j, k} and / = {i, j, k, /}, where i < j < k < I. It 
can be checked that for i > 1 we have A^i^ai) = Y a . a{i _ 1 (a^-ij^}) 
and = ^ ai ,a {i _ lii} ,j,k,i})- It follows that 

4 y a— I y y V -1 c 

By similar arguments one can check that A n Y ai ajA^ 1 G G for n G 
{1 9 !}• 

If i > 4 then -B(a/) = aj, while for /c < 4 we have 5 ±1 (a/) = a^ 1 , 
where {m} = {1,2,3, 4}\7. In both cases we have BY auai B~ x G G. If 
z = 1, j = 2 and fc > 4, then for Yi = Y a3>a{23} , Y 2 = Y a4i0{2i) it can 
be checked that Y{Y 2 (ai) and YiY 2 (aj) are disjoint from a{i >2 ,3,4}- It 
follows that 

BY\Y<iY aua jY 2 Y x l B 1 = Y\Y2Y ait(Xj Y 2 1 Y 1 1 E G. 

From earlier part of the proof we know that BY{Y 2 B~ l G G, hence 
BYaj^jB^ 1 G G. A similar argument, using different Yi, Y 2 , can be 
applied to other I such that |/D{1, 2, 3, 4}| = 2. It remains to consider 
the cases where i < 4 and j > 4. If i = 1 then it cen be checked that 
B-\ ai ) = Y-] a{i2) (a r ), where /' = {2,3,4, j, A;}, and = 
(a;/), where J' = I' U {/}. Since F a7 , iaj , 6 G by Lemma |3~9| 

we have 

R _1 V R — V -1 V V (= C 

If z = 2 then for Y 1 = Y ai;CX 2} and Y 2 = Y a2i0l 2} we have B~ X Y^~ (cnj) = 
rf^Ca/O, where J' = {1,3,4, j, fc}, and ^Yf^j) = Ff 1 ^^), 
where J' — I' U {/}. Since Yq, , jQ , , G G by Lemma [3791 we have 

-B 1 Y 1 x Y ai ^ aj Y\B = Y 1 1 Y2Y Q , J , iQ , j; Y 2 Yi G G, 

and since B~ l Y\B G G by earlier part of the proof, also B~ l Y ai aj B G 
G. The proof is similar for i = 3 and i = 4. 

Remark 3.10. By the proof of Lemma [3.71 for i<j<k<lwe have 

and by Lemma 13751 17,^,^ . k l} can be written as a product of the genera- 
tors of type (1). It follows that each generator of type (2) Y a{ . . k}t0l{i . k l} 
can be replaced by T? in Theorem 13.21 
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4. LOW GENUS CASES 

For i G {1, . . . ,g} let q denote the homology class of the curve a, 
in Hi(N g ,Z). Then Hi(N g ,1i) has the following presentation as a Z- 
module: 

H\(Ng, Z) = ( Cl , ...,c g \ 2( Cl + • • • + Cg) = 0} . 

Consider the quotient R g = Hi(N g ,Z)/ (c), where c = c\ + • • • + c g 
is the unique homology class of order 2. It is immediate from the 
above presentation that R g is the free Z-module with basis given by the 
images of C\, . . . , c 9 _i in R g . Let us fix this basis and identify Aut(R g ) 
with GL(g — 1, Z). Every automorphism of Hi(N g , Z) preserves c, and 
thus induces an automorphism of R g . Thus the action of M.(N g ) on 
Hi(N g ,1i) induces a homomorphism 

p:.M(Ag^GL(2-l,Z). 

In general p is neither surjective nor injective. However, it was shown in 
[TIT Section 2], that the group of automorphisms of Hi(N g , Z) which act 
trivially on Hi(N g , Z 2 ) is isomorphic to the full group of automorphisms 
of R g which act trivially on R g <g> Z 2 . Consequently, the restriction of 
p to T 2 (N g ) yields a surjection 

r,: T 2 (N g )^GL 2 (g-l,Z), 

where GL 2 (n, Z) is the level 2 congruence subgroup of GL(n,Z). 

Birman and Chillingworth obtained in [fl Theorem 3] a finite pre- 
sentation for Ai(N 3 ) from which it is immediate that this group is 
isomorphic to GL(2,Z). It turns out that such isomorphism can also 
be deduced from the action on if^iV^Z). 

Proposition 4.1. The map p: M(N 3 ) — > GL(2, Z) is an isomorphism. 
Proof. It is a classical result that SL(2, Z) admits the presentation 
SL(2, Z) = (S,T\ STS = TST, {STS) 4 = I) , 

where S = ( „ , ) , T = ( 1 ? J and / is the identity matrix. In 



iy v -l l y 
order to obtain a presentation for GL(2, Z) one has to add a generator 

with determinant —1, for example U = ( J~ !?) and relations 



v X / 
f/ 2 = = (UT) 2 = I. 

Let Ax, A 2 and K be the generators of Ai(Ns) from Theorem 13.11 It 
can be checked that 

p(A x ) = STS- 1 , p(A 2 ) = S, p(Y) = SUS- 1 . 
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In Ai(N 3 ) we have the relations (see pQ): 

A l A 2 A 1 = A 2 A 1 A 2 , {A 1 A 2 A l ) A = 1, 
Y 2 = iYAx) 2 = (YA 2 ) 2 = 1. 

It follows that the mapping 

S M- A 2 , A~ X A X A 2 , U i-> A 2 1 YA 2 

extends to a homomorphism GL(2,Z) — y M.(Nz) which is the inverse 
of p. □ 

Corollary 4.2. The map rj: T 2 (Ns) — y GL 2 (2,Z) is an isomorphism. 

Let Mat n (Z 2 ) denote the additive group of nxn matrices with entries 

2 

in Z 2 . This is an abelian group isomorphic to Z 2 . Let us define an 
epimorphism /: GL 2 (n, Z) — y Mat n (7* 2 ). Let X be any matrix in 
GL 2 (n,Z). Write X = I + 2 A, where I is the identity matrix and 
define f{X) = A mod 2. To see that this is a homomorphism take 
Y = I + 2B. Then 

f(XY) = f(I + 2(A + B)+ AAB) = A + B mod 2. 

Let Eij be the elementary nxn matrix with 1 at position and O's 
elsewhere. Since for each pair the matrix I — 2Eij is in GL 2 (n, Z), 
thus / is onto. The map / was defined in [8] to determine abelianiza- 
tions of congruence subgroups of SL(n, Z). Now let g > 1 and consider 
the composition 

fo V : r 2 (i\g Mat g ^(Z 2 ). 

Since / 077 is surjective, we see that r 2 (A 7 g ) cannot be generated by less 
then (g — 1) 2 elements. In particular Theorem 13 . 21 provides the minimal 
number of generators for T 2 (N 3 ). It follows from the next proposition 
that this is also the case for g — 4. 

Proposition 4.3. The group ifi(r 2 (A r 4), Z) is isomorphic to Z 2 °. 

Proof. By [T5], Theorem 3.7] r 2 (A 7 9 ) is generated by involutions. It 
follows that J ffi(r 2 (A 7 " 4 ), Z) » Z^ for some integer gL From Theorem 13.21 
we have d < 10 and the existence of / o 77 gives d > 9. Let 

fc: tfi(r 2 (Ar 4 ),Z) ^Mat 3 (Z 2 ) 

be the map induced by / o 77. To prove d = 10 it suffices to show that 
ker /i is not trivial. Let B = T Q{1 2 3 4} and observe that 5 2 induces the 
identity on H^N^, Z), hence it belongs to ker 77. We claim that B 2 is 
not in the commutator subgroup [r 2 (A r 4 ), r 2 (A / 4 )], hence it represents a 
nontrivial element of ker h. To prove this claim we need to refer to the 
presentation of ^(A^) given in [TJ]. It follows from this presentation 
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that there exists an epimorphism 8: M.(N^) — > Z 2 such that 0(B) = 1 
and 9(x) = for every generator x different from B. In particular 
0(Y) = 0, where Y = Y ait0l{12} . Since r 2 (A^) is the normal closure of Y 
we have ^(iV^) C ker 9. It is a routine to obtain from the presentation 
of Ai(N4) a presentation for the index 2 subgroup ker# and check 
that B 2 survives in its abalinization, that is B 2 ^ [ker 8, ker 6\. Since 
r 2 (iy 4 ) C kertf also B 2 £ [T 2 (N 4 ),T 2 (N 4 )}. □ 
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